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Abstract
The classification of infinite locally finite p-groups G with |1(G)| p2 or |2(G)| = p3 is given. And two criterions are given
for judging some Cernikov p-groups to be nilpotent.
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1. Introduction
Let G be a p-group, the following two characteristic subgroups are defined:
n(G) = 〈g|g ∈ G, |g| pn〉, Gn = 〈gn|g ∈ G〉.
For a finite p-group G, it is well known that n(G) has strong influence on the structure of G. In this paper, we
consider a locally finite p-group G and study relations between the characteristic subgroups n(G) and properties of
G. Firstly, we investigate how the characteristic subgroups n(G) influence on the nilpotency of a Cernikov p-group
G. Of course, a Cernikov p-group may not be nilpotent. The most simple example is the wreath product G = DwrC ,
where D is a quasicyclic p-group, C is a cyclic p-group of order p. We come to the following two criterions for a
Cernikov p-groups to be nilpotent.
Secondly, we determine the structure of infinite locally finite p-group G in which |1(G)| p2 or |2(G)|= p3 (see
Section 3). Similar work had been studied early for a finite p-group. For example [3, Theorem 8.2] states that
Proposition 1.1. Let |G| = pn . If |1(G)| = p, then one of the following holds:
(1) while p> 2, G is cyclic;
(2) while p = 2, G is cyclic or G = 〈a, b|a2n−1 = 1, b2 = a2n−2 , b−1ab = a−1〉.
Here it is worth to mention that if G is a finite 2-group, Zvionimir Janko has obtained many valuable results in [4–6].
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Proposition 1.2 (Janko [6, Proposition 1.1]). Let G be a group of order 2m(m > 8) satisfying |2(G)|23. Then one
of the following holds:
(1) GM2m = 〈a, b|a2m−1 = b2 = 1, ab = a1+22
m−2 〉;
(2) G is abelian of type (2m−1, 2);
(3) GC2m a cyclic group of order 2m ;
(4) G = 〈a, b|a2m−2 = b8 = 1, ab = a−1, a2m−3 = b4〉, where m5.
But some of these kinds of researches seem to be difficult. There is an open question (in [1]): classify the 2-groups
G such that |2(G)|25. In [2], the structure of finite 2-groups G with |3(G)|25 is determined.
2. Criterions for Cernikov p-group to be nilpotent
Let G be a p-group. The subgroup G pk generated by all pk th powers of all elements of G is called pk th power
structure of G if each element g ∈ G pk , there exists g0 ∈ G such that g = g p
k
0 . It is well known that a finite regular
p-group G has the following properties:
Proposition 2.1 (Huppert [3, Theorem 10.5]). Let G be a finite regular p-group. Then
(1) G pn is the pnth power structure of G;
(2) each element of n(G) is of order at most pn ;
(3) |G pn | = |G : n(G)|.
A p-group G is called Pn group if all sections of G (including G), satisfy statements (1)–(3) in Proposition 2.1.
Avionoam Mann studied finite p-groups with these properties (see [7]). He showed that a finite P2 group is a finite P1
group and a finite P3 group is a finite P2 group. In this section, we consider similar property of a Cernikov p-group
and prove that if a Cernikov p-group G is a P2 group, then G is also a P1 group.
Lemma 2.1. Let G be a Cernikov p-group. Suppose that N is a divisible normal subgroup of G with a finite quotient
group G/N . If G is nilpotent, then for every element g ∈ G such that the coset gN is of order pk in G/N , there exists
an element g1 ∈ G such that |g1| = pk and gN = g1 N .
Proof. By [8], it follows that N(G). Let H = 〈g, N 〉. Clearly H is abelian, there exists g1 ∈ G such that
H = 〈g1〉 × N .
We have that H/N = 〈gN 〉 = 〈g1 N 〉, then |g1| = |gN | = pk . 
Theorem 2.1. Let G be a Cernikov p-group. If for every n = 1, 2, . . ., the exponent of n(G) divides pn , then G is
nilpotent. Moreover, suppose that G is a P2 group, then G p
k is pkth power structure of G.
Proof. Suppose that N is a divisible abelian subgroup of G such that |G/N |<∞. Take g ∈ G − N and denote the
subgroup generated by N and g as M = 〈N , g〉. Assume that a1g, a2g ∈ M , where a1, a2 ∈ N . Since M/N is cyclic,
we have that
[a1g, a2g] = [a1, g][g, a2].
Obviously [M, M]N . Suppose that |g| = pn . By assumption, the exponent of n(G) divides pn , then |[a1, g]| =
|(g−1)a1 g| pn and so |[a1g, a2g]| pn . Hence, the generators of [M, M] are all of orders  pn , thus [M, M]n(N ).
Let H = 〈n(N ), 〈g〉〉, then [H, H ] = [n(N ), 〈g〉]. It is easy to see that
[M, M, M][n(N ), M] = [n(N ), 〈g〉][H, H ],
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so we have i+1(M)i (H ) for every i1. Since H is a finite p-group, there exists a positive number k such that
k+1(M)k(H ) = 1, then M is nilpotent. By [8], we have N(M). It follows that N(G), so G is nilpotent.
By Lemma 2.1, for every gN ∈ G/N , g pk ∈ N , there exists g1 ∈ G such that |g1| = g pk and gN = g1 N . Since G is
a P2 group, it follows at once that every element of n(G/N ) is of order at most pn . G/N is a finite P2 group by [7].
Again by [7], G/N is a finite P1 group. Since (G/N )pn = G pn N/N and N pn = N , it follows that
(G/N )pn = G pn/N .
Thus, for each element g ∈ G pn , there exists an element g0 ∈ G such that
gN = g pn0 N .
Clearly we have
g = g pn0 m
for some m ∈ N . Since N(G) and N is a divisible abelian group, there exists m1 ∈ N such that m p
n
1 =m. Therefore,
g = (g0m1)pn .
So G pn is a pn th power structure of G. 
Corollary. Let G be a regular Cernikov p-group. Then G is nilpotent.
Proof. Let g1, g2 ∈ n(G). Since G is also a locally finite p-group, it follows that the subgroup H =〈g1, g2〉 is a finite
regular p-group. Thus, the exponent of H divides pn . Therefore, we have the exponent of n(G) also divides pn . By
Theorem 2.1, G is nilpotent. 
Lemma 2.2. Let G be finite p-group where p3 and N be a abelian subgroup of index p. If 1(N )(G), then
G/1(N ) is abelian. Clearly, the nilpotent class of G has at most 2.
Proof. Let g ∈ G − N . Suppose that g /∈ CG(N ). Let a2 ∈ 2(N ) and |a2|= p2, then a1 =a p2 ∈ 1(N ) and a1 = (ag2 )p
for 1(N )(G). Consider the subgroup F =〈a2, ag2 〉. Obviously, F is of order p3. By [9, Theorem 4.2.7], there exists
an element b1 of order p such that F = 〈a2〉 × 〈b1〉. It follows that
a
g
2 = ai2b j1 ,
where i and j are integers. Thus, g acts on 〈a21(N )〉 the subgroup of order p in G/1(N ), but such action must be
trivial, i.e., ag21(N ) = a21(N ). Hence we have that 2(N )/1(N )(G/1(N )).
Since
3(N )/1(N )/2(N )/1(N )3(N )/2(N ),
we have 3(N )/2(N )(G/2(N )) by the same reason. Induction on n, one has that n(N )/n−1(N )
(G/n−1(N )). Clearly, if we can show that for every i2, ai ∈ i (N ), then we have agi = ai b1, where b1 ∈ 1(N ),
and the lemma follows.








i−1 . . . a
g
i−1ai−1.
If ai−1 ∈ 1(N ), the result follows. Otherwise, we can suppose that i − 1 is the smallest number such that ai−1 is an
element not in 1(N ) and agi−1 = ai−1b1, where b1 ∈ 1(N )(G). It is easy to see that ag
k




i = ai a pi−1b(p−1)+(p−2)+···+11 = ai a pi−1 = ai .
It is a contradiction. Hence ai−1 ∈ 1(N ). 
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Theorem 2.2. Let G be a Cernikov p-group, where p3, N the normal divisible abelian subgroup of G such that
|G/N |<∞. If 1(N )(G), then G is nilpotent.
Proof. Suppose that the result is false. By [8], there exists g ∈ G − N such that g p ∈ CG(N ), but g is not in CG(N ). Let
H =〈N , g〉. Then the subgroup M=〈N , g p〉 is a normal subgroup of H and |H : M |= p. Assume that |g p|= pk , since M
is abelian, it follows from the proof of Lemma 2.2 that1(M/k(M))(H/k(M)) and |H/k(M) : M/k(M)|= p.
By Lemma 2.2, for every positive integer n, 〈n(M/k(M)), gk(M)〉 is a finite nilpotent p-group and has nilpotent
class at most 2. Since p> 2, it follows that 〈n(M/k(M)), gk(M)〉 is a finite regular p-group. It is easy to see
that the exponent of n(H ) is pn . By Theorem 2.1, H/k(M) is nilpotent. Sincek(M) is finite, H is nilpotent, so
N(H ). This is a contradiction. 
3. Classification of the locally finite p-groups with |X1(G)| is finite
Lemma 3.1. Let G be a locally finite p-group with |1(G)|<∞. Then G is a Cernikov p-group.
Proof. Since |1(G)|<∞, so for each abelian subgroup HG we have 1(H )1(G), then H is a direct sum
of finitely many cyclic p-groups and finitely many quasicyclic p-groups. Thus, H satisfies minimal condition on
subgroups. By a well-known result of Sunkov [10], therefore G satisfies minimal condition on subgroups, so G is a
Cernikov p-group. 
Taking advantage of some results of finite p-group, we can get the following two results.
Theorem 3.1. Suppose that G is an infinite locally finite p-group and |1(G)| = p. Then
(1) while p> 2, G is a quasicyclic p-group;
(2) while p = 2, G is a quasicyclic 2-group, or G = N 〈a〉, where N = 〈d1, d2, . . . , dm, . . .〉, |d1| = 2, d2i+1 = di , i =
1, 2, . . ., and a2 = d1, a−1di a = d−1i .
Proof. By Lemma 3.1, G is a Cernikov p-group. Let N be the divisible abelian subgroup of G such that G/N is a
finite group. It follows that N is a direct product of finitely many quasicyclic p-groups. Since |1(N )| |1(G)| = p,
N is a quasicyclic subgroup.
Since N is a normal subgroup of G, by [8], while p> 2, we have that N(G). If G/N = 1, by Lemma 2.1 there
exists a g1 ∈ G such that 〈g1〉 ∩ N = 1. Then |1(G)| |1〈g1, N 〉| = p2, this is a contradiction. So G = N .
While p = 2, if N(G), similarly it can be proved that G is a quasicyclic 2-group. Now assume that N is
not in (G). For every a ∈ G − N with a ∈ CG(N ), we have that |1(〈N , a〉)|4, so a is not in CG(N ). Let
N =〈d1, d2, . . . , dm, . . .〉, where |d1|=2, d2i+1=di , i =1, 2, . . . . Set H =〈di , a〉 for i > 1. Since |1(H )| |1(G)|=2,
it follows that
a2 = d1, a−1di a = d−1i
from Proposition 1.1, that is, H is a generalized quaternion group. We claim that |G/N | = 2. Suppose that g is another
element in G − N not equal to a. By the same reason, the subgroup M =〈di , g〉 is also a generalized quaternion group,
where i > 1. Hence,
g2 = d1, g−1di g = d−1i .
Let K = 〈di , a, g〉 and Di = 〈di 〉, then the subgroup Di is a normal subgroup of K and |gDi | = |aDi | = 2, it follows
that 〈gDi 〉 = 〈aDi 〉. Then K = M is also a generalized quaternion group. Thus, K = 〈di , a〉 and G = 〈N , a〉 with
a2 = d1, a−1di a = d−1i . 
Theorem 3.2. Let G be an infinitely locally finite p-group and |2(G)| = p3. Then
(1) while p> 2, G = D1 × C where D1 is a quasicyclic p-group and C is a cyclic p-group of order p;
4996 L. Heng, G. Chen /Discrete Mathematics 308 (2007) 4992–4997
(2) while p = 2, one of the following is true:
(a) G = D × C , where C is a cyclic 2-group of order 2,
(b) G = D〈b〉, where b2 = 1 and dbi = d1+2
i−1
i , i > 1,
(c) G = D〈b〉, where b8 = 1 and b4 = d1, dbi = d−1i ,
where D = 〈d1, d2, . . . , dm, . . .〉, |d1| = 2, d2i+1 = di , i = 1, 2, . . . .
Proof. Since |2(G)| = p3, by Lemma 2.1, there exists a quasicyclic p-subgroup D such that G/D is a finite p-group.
While p> 2, we have D(G) by [8]. Clearly we need only to prove that |G/D|= p. If there is an element g ∈ G−D
such that gD has order p2. By Lemma 2.1, there is an element g1 ∈ G such that |g1| = p2 and |g1 D| = |gD| = p2,
which means that |2(〈D, g1〉)|= p4, a contradiction. Hence, |gD|= p for every g ∈ G − D. If there are a, b ∈ G − D
such that 〈aD〉 = 〈bD〉 and |aD| = |bD| = p. By Lemma 2.1 again, we have that |2(G)| p4, which is impossible.
While p = 2, if D(G), by the same process, we have G = D × C , where C is a cyclic p-group of order
2. If D is not in (G), since G/D is a finite 2-group, we may assume that a1, a2, . . . , ak are the elements of left
transversal to D in G. Now consider the subgroup H =〈a1, a2, . . . , ak, di ,2(G)〉. Let i be a sufficiently large positive
integer. Obviously |2(H )| = 23. By Proposition 1.2 we have HM2i = 〈a, b|a2
m−1 = b2 = 1, ab = a1+22m−2 〉 or
H〈a, b|a2m−2 = b8 = 1, ab = a−1, a2m−3 = b4〉, where m5. If m is a sufficiently large positive integer, it is easy to
see that H has only one normal cyclic subgroup of order 2m−2, hence m = i and 〈di 〉 is the normal cyclic subgroup of
order 2m−2. Thus, H = 〈di , b|d2ii = b2 = 1, dbi = d1+2
2i−1
i 〉 or H = 〈di , b|d2
i
i = b8 = 1, dbi = d−1i , d2
i−1
i = b4〉, where
i3. So G = D〈b〉, where b2 = 1 and dbi = d1+2
i−1
i , i > 1 or G = D〈b〉, where b8 = 1 and a4 = d1, dbi = d−1i . 
Theorem 3.3. Let G be an infinite locally nilpotent p-group, where p3. If |1(G)| = p2, then one of the following
holds:
(1) G = D1 × D2, where Di is a quasicyclic p-group, i = 1, 2.
(2) G = D1 × C , where D1 is a quasicyclic p-group and C is a cyclic p-group.
(3) G is a 3-group and there exists a normal divisible abelian subgroup N such that |G/N |=3, where N = D1 × D2,
D1 = 〈a1, a2, . . . , an, . . .〉, D2 = 〈b1, b2, . . . , bn, . . .〉, |a1| = |b1| = 3, a3i+1 = ai b3i+1 = bi and for g ∈ G − N ,
g p ∈ 1(N ) and agi = bi , bgi = a−1i b−1i , i1.
Proof. By Lemma 2.1, G is a Cernikov p-group. Let N be a divisible abelian subgroup such that G/N is a finite group.
It follows that N = D1 × D2 × · · · × Dm , where Di is a quasicyclic p-group, for i = 1, 2, . . . ,m. Since |1(G)| = p2,
we have that m2.
While m = 1. Since p3, it follows that N(G) by [8]. If G/N is a cyclic p-group, obviously G is abelian
and G = D1 × C , where D1 is a quasicyclic p-group and C is a cyclic p-group. If G/N is not a cyclic p-group, by
Proposition 1.1, there exist g1, g2 ∈ G such that |g1 N | = |g2 N | = p and 〈g1 N 〉 = 〈g2 N 〉. By Lemma 2.1 there exist
a1, a2 ∈ G such that |a1|= |a2|= p, 〈g1 N 〉= 〈a1 N 〉 and 〈g2 N 〉= 〈a2 N 〉. It follows that |1(G)| p3, a contradiction.
Hence m=2. If p5, then N(G) by [8]. So G must be abelian and G=N . Assuming that p=3, obviously we need
only to consider G = N . If CG(N ) = N , then it will leads to |1(G)| p3, a contradiction. So CG(N )=N , consequently,
1(N ) is not contained in (G) by Theorem 2.2. It follows that each g ∈ G − N will induce a non-trivial automorphism
on N by conjugacy. Since 1(N ) is an elementary abelian 3-group of rank two, |Aut(1(N ))||(32 − 1)(32 − 3).
This yields that |G/N | = 3. Suppose that g ∈ G − N and |g| = pn , where n is a positive integer. Now consider
H = 〈k(N ), g〉, where kn. Since |1(H )| |1(G)| = 32, one has that H is a metacyclic or a 3-group of maximal
class by [1, Theorem 6.1]. Now consider the quotient group H/k−1(N ) (here we let k−1(N ) = 1 if k = 1). It is easy
to see that |H/k−1(N )|33 and the exponent of H/k−1(N ) is 3. Then H3k−1(N ). By [3, Chapter III, Theorem
11.4], H is not a metacyclic group, we have that H is a 3-group of maximal class. It follows that |(H )| = 3. However,
it has been shown that g3 ∈ N and G = 〈N , g〉, hence g3 ∈ (G). Obviously |g| = 32.





1 = ai1i21 b
i1+i22
1 ,
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it follows that
{i1i2 ≡ 1(mod 3)i1 + i22 ≡ 0 (mod 3). (1)
It is easy to see that i1, i2 ≡ −1(mod 3) is the unique set of solutions of the equations. Since N is a divisible abelian
3-group, take an element a2 ∈ 2(N ) such that a32 = a1. Let ag2 = b2, since (ag2 )3 = ag1 = b1, 〈a2〉 ∩ 〈b2〉 = 1. Then
2(N ) = 〈a2, b2〉. So we may assume that bg2 = a j11 b j21 . Then ag
3
2 = a j1 j22 b
j1+ j22
2 = a2, and (ag
3




{ j1 j2 ≡ 1(mod 3) j1 + j22 ≡ 0 (mod 3) j1 j2 ≡ 1(mod 32) j1 + j22 ≡ 0 (mod 32). (2)
We can also have the only one solution j1 ≡ −1(mod 32), j2 ≡ −1(mod 32). Similarly, we can find two quasicyclic
3-groups D1 =〈a1, a2, . . . , am, . . .〉, D2 =〈b1, b2, . . . , bm, . . .〉 where |a1|= |b1|=3, a3i+1 =ai , b3i+1 =bi , i =1, 2, . . .,
such that N = D1 × D2 and agi = bi , bgi = a−1i b−1i . 
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